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How do we model language: Tokenization
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Byte Pair Encoding: Efficient Estimation of Word Representations 
in Vector Space – ACL 2016
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How do we model language: Embeddings
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word2vec: Efficient Estimation of Word Representations in Vector 
Space – ICLR 2013

Credit to Julia Hockenmaier
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Models before Transformers:
Recurrent Neural Networks
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Attention in RNNs
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Neural Machine Translation by Jointly Learning to Align and Translate – ICLR’2015
Credit to Lena Voita
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Attention Step1: Query/Key/Value Projection
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Sequence Length = n, Model/Embedding Dimension = d

Query Q: The vector representation used to probe for 
relevant information. 
For a single token: (1×d) @ (d×d) → (1×d) vector
For a sequence: (n×d) @ (d×d) → (n×d) vector

Key K: The vector representation used to be matched against 
queries to determine relevance.
For a single token: (1×d) @ (d×d) → (1×d) vector
For a sequence: (n×d) @ (d×d) → (n×d) vector

Value V: The vector representation used as the content 
payload combined into the attention output.
For a single token: (1×d) @ (d×d) → (1×d) vector
For a sequence: (n×d) @ (d×d) → (n×d) vector



Attention Overheads: Compute/Memory Load
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Sequence Length = n, Model/Embedding Dimension = d, number of attention head = h

Input X = (n,d)
W_q, W_k, W_v, W_o = (d, d)

Steps                                 Operation                           Compute Complexity                      Memory Complexity
1. QKV Projection        X @ (W_q)                          3 n * d^2                                             3nd                             
2. Attention Score      Q @ (K^T)                           n^2 * d                                                 n^2 * h
3. Softmax+Scale        softmax(scores / √d)       n^2 * h         n^2 * h
4. Weight sum              score @ V                           n^2 * d         n * d
5. Output Projection   output @ W_O                n * d^2         n * d

Attention scales quadratically with sequence length.



Self-Attention Step 2-4: 
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Step2 - Q @ (K^T) : 
Q of token “cat” dot product with all other tokens’s Key
Meaning: Cosine Similarity between query embedding of cat and key 
embeddings of all other tokens, scaled by Magnitude 
For a single token: (1×d) @ (dxn) → (1×n) vector
For a sequence: (n×d) @ (dxn) → (n×n) vector

Step3 - Scale by dimension: 
Both angle(cosine similarity) AND magnitude carries correlation meaning, but 
dot product also scales with dimension, so we offset that



Attention Overheads: Compute/Memory Load

16

Sequence Length = n, Model/Embedding Dimension = d, number of attention head = h

Input X = (n,d)
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2. Attention Score      Q @ (K^T)                           n^2 * d                                                 n^2 * h
3. Softmax+Scale        softmax(scores / √d)       n^2 * h         n^2 * h
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5. Output Projection   output @ W_O                n * d^2         n * d
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Self-Attention Step 4-5: 
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Step4 - Softmax:
1. Covert raw score to probability distribution summing to 1: weight 

sum
2. Sharpen the difference between 
For a sequence 3n^2 complexity:

Step 1: exp(z_ij) for each entry → n² exponentials 
Step 2: sum across each row → n² adds 
Step 3: divide each entry by row sum → n² divisions

Now you have Attention Score of query of “cat” on the key of all 
other tokens

Step5 – Weighted Sum: Attention Score @ V:
the token absorbs context: i.e. each token embedding now carries 
the weight of other tokens that matters to it

For a sequence: (n×n) @ (nxd) → (n×d) vector



18Credit to Lena Voita



Attention Overheads: Compute/Memory Load

19

Sequence Length = n, Model/Embedding Dimension = d, number of attention head = h

Input X = (n,d)
W_q, W_k, W_v, W_o = (d, d)

Steps                                 Operation                           Compute Complexity                      Memory Complexity
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Attention Overheads: 
KV Cache and Prefill vs Decode
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Prefill: process all prompt tokens in parallel in a single forward pass, computing K and 
V for every prompt position and storing them in the KV cache.
Steps                                 Operation                           Compute Complexity                      Memory Complexity
1. QKV Projection        X @ (W_q)                          3 n * d^2                                             3nd  (activation)                           
2. Attention Score      Q @ (K^T)                           n^2 * d                                                 n^2 * h (activation) 
3. Softmax+Scale        softmax(scores / √d)       n^2 * h         n^2 * h (activation) 
4. Weight sum              score @ V                           n^2 * d         n * d (activation) 
5. Output Projection   output @ W_O                n * d^2         n * d (activation) 

Decode: sequential per-token generation, reusing cached K/V from all prior tokens.
Steps                                 Operation                           Compute Complexity                      Memory Complexity
1. QKV Projection        X(1xd) @ (W_q)                3 d^2                                                    3d^2 (weight)                            
2. Attention Score      Q(1xd) @ (K^T_full)         n_past * d                                          n_past * d (KV Cache)
3. Softmax+Scale        softmax(scores / √d)        n_past * h        n_past * h (activation)
4. Weight sum              score(1xd) @ V_full          n_past * d        n_past * d (KV Cache)
5. Output Projection   output @ W_O                  d^2         d^2    (weight)\

Bottleneck Shifts From Compute(Prefill) to Memory(Decode)!
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Grouped Query Attention
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The problem: Decode is memory-bandwidth-bound, and the KV cache grows linearly with sequence length.

The insight: Across attention heads, query diversity matters (different heads ask genuinely different questions), but 
key/value diversity is largely redundant (many heads end up offering similar matchable features and payloads).

The solution: Share K and V across groups of query heads (g query heads per K/V pair) — shrinking the KV cache by 
factor g, reducing HBM bandwidth per decode step by g, with negligible quality loss.
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