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What is a rank of a matrix?




The rank is how many of the rows are "unique": not made of other rows. (Same for
columns.)

Example:

23
3 609
The second row is just 3 times the first row. Just a useless copycat. Doesn't count.

So even though there are 2 rows, the rank is only 1.

MATH is FUN




SVD Computes the Exact Mathematical Rank

Theorem 1 (Singular Value Decomposition (SVD)). Consider A € R™"™ and let r =
min(d,n). A can always be written as the product of three matrices, A = UXV?, where:

o U € R¥™" s a matriz with orthonormal columns,

g1

o) = 1s a non-negative diagonal matriz with entriesoy > ... > g, > 0,

Or

o V € R™ " 4s a matriz with orthonormal columns.

U’s columns are called the “left singular vectors” of A, V'’s columns are its “right singu-
lar vectors”, and o1,...,0, are its “singular values”. When the SVD is computed after

mean centering A’s columns or rows, the singular vectors are sometimes call “principal
components”.

Huacheng Yu, Princeton COS 521: Advanced Algorithm Design




Low-Rank Structure

In particular, we are interested in datasets where most of our vectors a1,...,a, can be
well approximated as a linear combination of a small ground set of vectors in R?, {by,..., by}
L.e. for some set of k coefficients {C1;, Ca;, . .., Cki} we approximate a; by:

k
a; ~ E :CjibJ
j=1
B
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Figure 1: If a4, ..., a, lie on a low dimensional hyperplane, then A = [aq, ..., a,] is exactly
low rank, so it can be written as the product of two matrices, B € R%** and C € Rkxn

Huacheng Yu, Princeton COS 521: Advanced Algorithm Design




'Low-Rank Structure in K and V Matrix

1. Heads are redundant: Same observation in GQA

510 S 1.0
2. The key only needs to match the effective rank of ¢ g
the query, not more (dot product will zero out the £ £
additional dimensions) 206 206

:';: 0.4 value :';: 0.4 value

o o ° o g key g key

3. Empirical Confirmed: Running SVD on models, z L s 2025 T
the singular values cliff off fast — most of the Eigen value index Eigen value index
energy is in the tOp ~512 directions out of ~1 6,000. a Layer #15 Head #16 b Layer #25 Head #16

Eigen Attention: Attention in Low-Rank Space for KV
Cache Compression — ACL 2024
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'LORA: Low-Rank Adaptation Applied to Fine-Tuning

Goal: Reduce requirements in fine tuning

Premise: Prio work show that when adapting to a specific task, pre-trained language models
can still learn efficiently despite a random projection to a smaller subspace.

Hypothesis: The updates to the weights also have a low “intrinsic rank” during adaptation.

Intuition: low rank updates make sense for fine-tuning:

1.  Thetask is much smaller than the model

2. Fine-tune only steers the model (which capability to emphasize)

3. One example is rank-1 by definition, a bunch of examples have similar gradient directions




LoRA: Low-Rank Adaptation Applied to Fine-Tuning

Pretrained Pretrained Adapted
Weight Weight Weight

W € R4 W € R?*4 ' W e Rdxd

Vanilla Fine-Tuning: Replace AW with :5 Low-Rank Before Inference:
Counterpart Aand B

Pretrained Weight Frozen Reconstruct an approximation of
Only change AW Backpropagate to learn A and B, Update Weights AW=A @ B
which combined to be smaller than Then Adapted Weight=Weight + AW.
Update Weights

/



'l\/\ulti-Head Latent Attention: Low-Rank
Adaptation Natively Applied to Attention

The core of MLA is the low-rank joint compression for keys and values to reduce KV cache:

&V = wPkVh,, 9)
k¢ = wUkclV, (10)
v =w Y, (11)

where ¢V € R% is the compressed latent vector for keys and values; d. (<« dynp) denotes the KV
compression dimension; WPXV € R%*4 is the down-projection matrix; and W5, WUV € Rdnmnxde
are the up-projection matrices for keys and values, respectively. During inference, MLA only
needs to cache c¢XV, so its KV cache has only d.l elements, where [ denotes the number of layers.




'Palu: Low-Rank Adaptation Apply to KV-Cache Compression

Decompose
(Offline)

Cache Hinstead of Y




It | want to build a compression
accelerator, where should it be located?

J
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